Abstract. Explicit invariant measures are derived for a family of finite-toone, ergodic transformations of the unit interval having indifferent periodic orbits.
, where u k = 4 cos 2 π k+2 and x is the fractional part of x. Both T k and T k,n are Möbius transformations mod 1 having indifferent periodic orbits of period k containing zero. Surprisingly, for fixed k, T k,n converges uniformly to T k on compact subsets of [0, 1).
An explicit formula will be given for a T k,n -invariant measure that is absolutely continuous to Lebesgue measure on [0, 1]. The measure is infinite and the density ρ k,n is C ∞ in the complement of the indifferent periodic orbit. Also, ρ k,n converges to the T k -invariant density ρ k derived in [4] . Using Thaler's analysis in [6] of mappings of [0, 1] with indifferent fixed points, it is possible to show that the maps T k,n are ergodic with respect to Lebesgue measure.
From now on suppose that k > 0 and n > 1 in N have been fixed and that if k = 1, then n > 2. We begin by defining the Möbius transformation that will determine T k,n . Write
(n−α−1)x+α . A α has the following properties.
Proposition 1.
For every integer n ≥ 2 there exists a sequence α k depending on n,
Proof. We argue by induction. Since 0 < A α (0) = α ≤ 1, for 0 < α ≤ 1, the proposition is true for k = 1. Suppose that it is true for a k > 1.
When α * < α < n − 1, then A α has no real fixed point, and by direct computation,
A α * is a parabolic Möbius transformation with a unique fixed point at x = 1/2. The A α * -orbit of 0 looks like 0
(0) = 1. By (1) and the induction hypothesis, since α k+1 < α k ,
Furthermore, since both 
From now on we fix k ≥ 1 and write
This proposition is equivalent to the statement that T k,n is an indifferent periodic orbit of period k; that is the orbit of 0. To prove the proposition, we need a simple, useful identity.
Lemma 1. For any Möbius transformation
Proof. Without loss of generality C(z) = az+b cz+d with ad − bc = 1 . Then 
Proof of Proposition 2. From Lemma 1 we have
. Then we continue with
Define T (x) = A(x) . See Figure 1 for the graph of T , when k = 3 and n = 4.
Theorem 1. The function
is an invariant density for T .
Proof. The density ρ of an absolutely continuous T -invariant measure is an eigenfunction of eigenvalue 1 of the Perron-Frobenius operator [5] 
.
and
First we simplify U. Using Lemma 1 and A(−n + 1) = 0
Another application of Lemma 1 gives
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The j-th term of V can be obtained from U by replacing x by x + j and i by k. Thus we obtain from the formula for U the following formula for V.
Hence
as required. The computation of V also gives the result when x ∈ [0, A(0)). Proof. Without loss of generality ad − bc = 1. Since the fixed points of C are complex, C is an elliptic transformation [2] and (a + d) 2 < 4. The real part of the fixed points is then a − d = 0, and therefore d = a and 0 ≤ a < 1. For the fixed points ± b/c to be imaginary, c must be negative.
Theorem 2. T is ergodic with respect to
C is defined everywhere on D = (−∞, −a/c) and since C (x) = 1/(cx + a) 2 > 0, it is an increasing function. C (x) = 1 has the two solutions x 1 = (−a + 1)/c and x 2 = −(a + 1)/c, with x 1 < 0 < x 2 . Since x < −a/c and c < 0 implies that cx + a > 0 for all x ∈ D, it follows that C (x) > 0 on D. Therefore C (x) > 1 for x ∈ D if and only if x ∈ (x 1 , x 2 ) ∩ D = ( The proof of Theorem 2 is based on Thaler's treatment of a large class of maps with infinite invariant measures [6] . In order for those results to be applicable, it is necessary to define a new map induced by T for which the indifferent periodic orbit becomes a fixed point. Let E = (A −1 (0), A (0)) for 1 ≤ ≤ k, and define the transformation S : [0, 1] → [0, 1] by S(1) = 1 and
As an application of Lemma 2 we have:
with equality if and only if
Let f (x) = x + 1/2 and consider the transformation C( Proof of Theorem 2. By (1.1) in [6] , if S is shown to be ergodic, then the theorem will follow. Further refine the covering by defining B j = S −1 ([j, j + 1)) ∩ E for j = 1, . . . , n − 1 and modifying B k,n−1 by including the endpoint 1. To show that S is ergodic, in fact exact, we verify the hypotheses of [6] , Theorem 1. The hypotheses are similar to those that are encountered in the "folk theorem" for expanding Markoff maps of the interval ( 
